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A review of two automated fully stressed design procedures for wing and empennage struc-

tures is given.
element.

procedure, and yields results that are somewhat more acceptable for design.
method is adapted for application to winglike structures with fibrous composite skins.
strength criterion employed is a simplified one, suitable for use in preliminary design.

One of the methods is based upon average stresses that occur in each structural
The other, called the nodal stress method, uses internal nodal forces in a smoothing

The nodal stress
The
Based

upon this criterion, the numbers of layers of fibers in several predetermined directions are

tailored for minimum weight.

The method is demonstrated by applying it to the stabilizer of

a supersonic aircraft, the covers of which are designed in boron fiber/epoxy composite.

Discussion

Background

EVELOPMENT of automated methods for the optimiza-
tion of airframe structures could be said to be progressing
currently along two rather different paths. On the one hand,
one has the fundamental approach, in which the weight of the
structure is treated as a mathematical function to be mini-
mized, subject to various constraints. These may include
limitations on strength, displacements, vibrational frequen-
cies, and even flutter speed.’~* Rather sophisticated tech-
niques must necessarily be employed in this work.

On the other hand, one has the pragmatic approach, in
which traditional design procedures are more nearly followed.
Here, the struecture is first sized for strength, based upon the
fully stressed design concept. This implies an idealized
structure for which the stresses in all the elements are at pre-
seribed maximum limits under at least one loading condition,
or the elements are at minimum areas, thicknesses, ete., as
dictated by various other practical considerations. Engineers
have long believed that such designs are either at or close to
minimum weight, provided of course they are critical for
strength. Thereafter, the structure is checked for flutter
and/or possibly other dynamic effects as well. If it is found
to be deficient, estimates of the increased stiffness required are
made, and the structure is modified accordingly. Venkayya
et al.’ have essentially proposed an efficient scheme which can
be used for modifying structures to increase their stiffness
while continuing to meet strength requirements.
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The aerospace industry is naturally interested in both ap-
proaches: the fundamental one because of its potentially
greater reductions in airframe weight in the long run, but the
pragmatic one too, because of its more immediate applica-
bility. The current paper indicates how the fully stressed
design procedure may be applied to the preliminary design of
airframe components, and also to those entering the detail
design phase.

Average Stress Method

Perhaps the most common approach to idealizing a wing or
empennage structure in a finite element analysis is by means
of bars, in combination with quadrilateral membrane elements
of some sort. The bars are usually uniformly stressed, while
some kind of average biaxial stress state can be identified for
each of the quadrilaterals.

It is quite natural to attempt to optimize such structures
based upon these stresses. Thus, in the case of a fully stressed
design, one first performs a redundant analysis for the various
design conditions. The highest stress state occurring in each
of the elements is then sought out, and based upon it and a
suitable design criterion, each element is independently re-
sized. The resized structure is then reanalyzed. The analy-
sis and redesign procedure is automatically repeated until the
process converges to a design in which every element is either
1) stressed to its maximum for the given failure criterion under
at least one load condition or 2) is at some prescribed mini-
mum size.

As recounted in a previous paper,® it has been Grumman’s
experience that the average stress approach sometimes yields
discontinuities in material distributions that are sufficiently
erratic to make them undesirable for use in design. This has
led to the development of the nodal stress method, which
inherently contains a beneficial smoothing procedure. As
previously presented, the nodal stress method was applicable
only to a structure made of a single, homogeneous material.
The following review includes changes necessary to accommo-
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date orthotropic construction, and use of more than one ma-
terial.

Nodal Stress Method

Airframe redundant structure analysis at Grumman is cur-
rently carried out by use of the displacement method. Never-
theless, in the case of a wing or empennage structure, the re-
sults of such an analysis are converted into a form consistent
with a force method idealization, for use by the stress analyst.®
The internal loads thus are presented to the analyst in the
form of unequal end loads and shear flows acting upon equiva-
lent bars, and shear flows acting upon equivalent shear panels.
Panels actually loaded in shear only, such as spar and rib webs,
are left unchanged.

The nodal stress method is a resizing procedure based upon
stresses derived from this alternate form for representing the
internal loads. Otherwise, it is the same as the average stress
method.

The first step in the procedure consists of obtaining a set of
stress resultants in each corner of every panel. These are
found in the following way. The equivalent bars represent
1) the actual stringers and spar or rib caps and 2) the proper
amount of cover material, also carrying direct stress, on both
sides of the equivalent bar’s center line. The part of the
equivalent bar end load carried in the cover material is de-
termined, based upon the relative extensional rigidities of the
appropriate elements contributing to the given bar. This
load is then divided by the total width of cover associated with
the bar, yielding the corresponding direct stress resultant.
(Note that if there is no spar, rib or stringer material, the
direct stress resultant is the entire equivalent bar load divided
by the total width of cover.) The accompanying shear stress
resultant is taken to be the shear flow acting upon the com-
panion equivalent shear panel. This is discussed in greater
detail in Appendix A.

If the spars and ribs of the structure being investigated are
approximately orthogonal, the stress resultants so obtained
are sufficient to determine a revised thickness at each corner
of every panel. Of course a suitable design criterion is needed,
as well. On the other hand, if sweep effects are substantial,
the stress resultants previously discussed must first be trans-
formed into an orthogonal set.® In either event, after the
resizing takes place, the four corner thicknesses for each panel
are averaged, to provide new values for use in the next analysis
cycle. In the case where the cover material is orthotropie,
the “thickness” will naturally require special interpretation.

Resizing the spar caps, rib caps and stiffeners presents
special problems. Experience to date indicates that if these
members are treated as independent elements, as in the
average stress method, the results can be very erratic. More
realistically, in an actual design the areas of such axial mem-
bers may be determined by any one of-a number of require-
ments. At one extreme, a spar or rib cap may be little more
than a shear connection between the spar or rib web and the
cover, in which case the area is minimal. At the other ex-
treme, one has stiffeners which are integral with cover ma-
terial, and whose area should maintain a fixed relationship
with the accompanying skin area for optimum weight. In
view of these variations and uncertainties, Grumman has
generally found it expedient to hold axial member areas fixed
during a fully stressed design calculation. If the results indi-
cate that it would be profitable to do so, one can always assign
the areas new values, and the fully stressed design calculation
can then be rerun.

Strength Criteria and Element Optimization

The actual strength criteria employed in an airframe design
play a vital role in any optimization procedure. In some
instances, such as a metallic lower skin of a wing loaded pri-
marily in tension, and with some shear as well, a simple cri-
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terion such as one based upon the Hencky von Mises stress
may be appropriate. The equivalent shear web of a spar or
rib, traditionally used to idealize honeycomb construction, is
another example. Here a maximum shear stress allowable
would most likely be chosen.

In other situations, more sophisticated criteria may be
needed. In the case of a metallic skin and stringer type of
wing cover construction, lodaded in compression, the allowable
strength would depend upon the load levels to which it is
subjected. One approach would then be to employ curves in
the fully stressed design procedure, which relate allowable
stresses to appropriate structural indices. These curves
would be based on optimum panel proportions. Since these
proportions however, can seldom be exactly implemented in
practical designs, some weight penalties might have to be ac-
cepted. The idealized, optimized structure nevertheless does
provide useful guide lines to the designer.

A further opportunity exists to use optimized elements when
the structure includes fibrous composite construction. Here,
one can actually tailor the numbers of layers of fibers, and
their orientation, in such a way as to achieve minimum weight.

The strength criteria that are just now evolving for the
boron fiber/epoxy matrix composites are in general rather
complex. One of the many complications, as compared to
more conventional skin materials, is the low interlaminar shear
rigidity of the composite construction. This can lead to a
number of additional compressive instability problems which
are not present in homogeneous skin structures. Neverthe-
less, there are situations where a simple strength criterion can
be realistically employed. One of these exists for the super-
sonic aircraft stabilizer which is considered in this paper. In
this case, the skin is supported laterally by a full depth
alurhinum honeycomb core, and at least for preliminary de-
sign purposes, can be regarded as not subject to compressive
instability.  Accordingly, a simple ultimate strength theory
isemployed, and is reviewed in Appendix B.

The optimization of a laminate under a given set of stress
resultants can also be rather complex. However, there are
practical manufacturing constraints that ease this problem.
Most importantly, the fibers are limited in the number of
orientations that they may assume. For 4 wing or stabilizer,
Grumman designers favor a single spanwise direction as the
longitudinal fiber direction. Fibers are then laid at 90° to
this direction, and also equal layers in the £45° directions.
The latter condition has been found necessary to prevent
warping of the composite skin during the curing process. Any
deviation from this single set of fiber axes will of course require
some sort of splice at the interface between the adjacent re-
gions. A review of the optimization procedure for obtaining
the number of layers in each fiber direction is given in Ap-
pendix C. In adapting the nodal stress method to structures
with boron composite skins, an additional step is necessary.
The stress resultants at each corner of every panel must first be
rotated into the spanwise fiber direction. An optimized lami-
nate can then be selected for each corner. The numbers of
fibers in each of the respective directions are then averaged.
These averages for each panel are now rounded up to the next
higher integers, to define the structure to be used in the next
analysis eycle.

Example

The example structure which will be considered is shown in
Fig. 1. Itis a stabilizer suitable for a supersonic aircraft, and
is of conventional design except for the skins, which are of
boron/epoxy composite. The entire surface pivots about a
shaft which projects from the fuselage, with actuation ac-
complished by means of a control horn.

The leading edge, trailing edge and tip assemblies are of full
depth aluminum honeycomb, and have aluminum skins. The
box beam substructure assembly also has a full depth alumi-
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num honeycomb core, except in the pivot region, where the
intercostal beams and the root and intermediate ribs are of
titanium. The box beam covers are of boron/epoxy compos-
ite, as mentioned previously. A feature of these covers is
that in the pivot region they splice into titanium skins, which
in turn fasten to the titanium portion of the substructure.

The zero degree boron fibers are parallel to the 509, chord
line, except for those inboard of the intermediate rib and for-
ward of the titanium panel. In this region the property axes
have been rotated clockwise relative to the rest in order to
orient the fibers more normally to the root rib. Thus, a splice
exists between the two fiber orientations along the forward
portion of the intermediate rib.

The idealized structure selected for the finite element analy-
sis is shown in Fig. 2.  As can be seen, it encompasses the box
beam, but excludes the leading and trailing edge and tip as-
semblies. The structure and loading are symmetrical about
the mean chord plane, so only the upper cover is shown. The
honeyeomb core has been compressed into discrete, spar-like
and rib-like webs of equivalent shear stiffness. The covers
are represented by quadrilateral membrane elements, each
constructed from four constant strain triangles, and with ap-
propriate orthotropic stiffness characteristics. There are bar
elements to represent the concentrations of axial load carrying
material along the front, rear, and intercostal beams and the
three closure ribs. Support point loads are distributed to
adjacent nodes through additional bar elements. The total
number of structural elements employed in the analysis is
approximately 1000 while there are approximately 1100 de-
grees of freedom.

The design conditions consist of four positive loading cases
and four equal and opposite negative loading cases. The
corresponding centers of pressure vary from a 25% to a 50%,
chordwise position, and from a 38% to a 50% position span-
wise. These applied loads are introduced into the idealized
structure as concentrated forces at each of the node points.

First Design—No Minimum Sizes

The selection of minimum sizes for a practical design is al-
ways a problem, and is much easier to do after one has a
reasonable approximation to the structure’s internal load
distribution. This information can be readily obtained by
first running the structure through several redesigns with no
minimum gages specified. The results will be interesting in
their own right, as well.

The example structure is accordingly first run through five
redesign cycles wih no minimum sizes specified. However, a
minimum of one layer of boron fibers in each of the four pre-
determined directions is maintained. (This is termed a 1, 1,
2 layup, the 2 representing the total number of layers in the
4-45° and —45° directions.) Also, the spar and rib cap areas
are set equal to zero, the cover material alone being capable of
carrying the necessary loads.

The strength criterion used for the equivalent discrete
aluminum shear webs is a shear stress of 20 ksi. The cor-
responding value for the titanium shear websis 85ksi. In the
case of the titanium plate material used in the covers, the
strength criterion is the Hencky von Mises yield stress, set
equal to 117 ksi. These values for the titanium may be high
in some regions of the structure, because they do not allow for
interaction between the direct stress in the covers and the
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Fig. 1 Stabilizer concept.
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Fig. 2 Regions of constant numbers of fibers after 5
resizings—first design.

shear stress in the webs. However, they are adequate for
preliminary design. As for the boron covers, the strength
criterion and optimization procedure outlined in Appendices
B and C have been followed. Both use layer strengths and
matrix effectiveness factor B from Ref. 7, as follows: Fin =
Frow = 149 ksi at 350°F; F.,/ = 1.3 ksi at 350°F; Fy' = 0;
B =0.9. Also,fromRef.7, thelongitudinal and shear moduli
of elasticity of alayer are taken to be En = 28.8 X 10° psi at
350°F; G = 0.22 X 10° psi at 350°F. The transverse
modulus of a layer is assumed to make a negligible contribu-
tion to laminate stiffness in a practical layup, and is set equal
to zero, as are the Poisson ratio terms v and var.

The initial skin gages are chosen for convenience as follows:
titanium shear webs—0.1 in.; aluminum shear webs—0.1 in.;
titanium in cover—varies—0.125 to 0.2 in. Similarly, the
initial cover laminate configuration is six layers of fibers in
each of the four directions.

The spar and rib web results from the five redesigns that
were carried out are not given here. They have been exam-
ined however, and show a reasonable distribution of material,
which is in general consistent with the applied loads to be sup-
ported. As for the covers, the results of the fifth redesign are
shown on Fig. 3. Here, contours are given of numbers of
layers required in the four directions. A study of the inter-
mediate cycles indicates that most of the panels will be
changed little, if at all, by additional eycling.

After the second redesign the total weight of the idealized
structure stabilizes at 108 Ib. Of this total, 25% is in the
titanium and aluminum substructure, 19% is in the titanium
cover splice plate, while 567 is in the boron composite.

Several interesting conclusions may be drawn from Fig. 3.
As expected, the span-wise fibers tend to be reasonably sym-
metric in distribution about the 509 chord line, and tend to
peak roughly in the vicinity of the outboard stabilizer attach-
ment point. However, a large part of the load is taken out
of the boron and into the titanium splice plate in shear along
the aft edge of the splice plate, rather than in direct stress
along the splice plate’s outer edge. The contours of 90°
fibers and =£45° fibers are consistent with this. This and
other shortcomings are alleviated by considerations discussed
in the following paragraphs.

Revised Design Incorporating Minimum Element Sizes

The preceding results are actually unrealistic in a number of
ways. For one thing, the titanium splice plate is subject to
compressive instability in the local region over the shaft from
the fuselage, where it is unsupported by honeycomb core ma-
terial. In this area, the Hencky von Mises strength criterion
used is inapplicable. Proper thicknesses based upon buckling
can be selected for the five panels involved, and introduced as
minimum gages. The splice plate thickness will also have to
be increased in order to develop sufficient bearing strength for
the fasteners to the substructure. Furthermore, more ma-
terial will have to be provided around its periphery in order to
make the splice with the boron laminate.
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.+ 45° LAYERS

Fig. 3 Struectural idealization.

As for the substructure, the honeycomb material will have
to conform to whatever is commercially available. The
titanium shear web material will have to be compatible with
manufacturing minimum gages. And finally, one must pro-
vide spar and rib cap material sufficient to transfer shear loads,
through fasteners, from these members to the covers. _

The preceding comments have neglected the possibility that
aeroelastic requirements might also influence the design. In
faet, simple calculations show that in a typical application,
additional torsional rigidity might well be required.

These considerations have led to the selection of reasonable
minimum sizes for all parts of the structure. Included is an
increase in the minimum number of %45° boron fibers from 2
to 4, to provide additional torsional rigidity.

Using the minimum sizes discussed, the structure has again
been run through five redesign cycles. The results for the
covers are presented in Fig. 4.

A study of the contours presented indicates that in general
the loads are still carried in the same manner as for the earlier
design. However, the considerably stiffer titanium cover
plate causes more of the load to be transferred into it by direct
stress along its outer edge, and less by shear along the aft edge.

From the practical point of view, it would not be desirable
to adhere rigidly to the fiber distributions in these figures.
Instead, one would logically use fewer layers than the peak
values shown in some regions, and more layers to compen-
sate, in adjacent regions.

As an indication of the dramatic influence that practical
minimum sizes may have, the total weight for the redesigned
structure stabilizes at 233 Ib (against the earlier weight of 108
1b), of which now 35% is in the titanium and aluminum sub-
structure, 209, in the titanium cover splice plate, and 459 is
in the boron composite and the titanium spar and rib caps.
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Concluding Remarks

It should be reiterated that strength criteria for airframe
structures can be fairly complex, as in the case of the boron
composite discussed in this paper. Opportunities exist to
optimize the elements of such structures as well, and this adds
further complications. An automated program of the type
described herein can tremendously speed up the work entailed,
and permit the designer to investigate changes in design which
he might otherwise not have time to do. A simple change in
orientation of the boron fibers is a possible example.

Fully stressed designs are clearly not the whole answer to
the designer’s problems. Obviously, one would prefer further
automation, both to speed up the redesign for flutter and
other stiffness related effects, and to be able to modify the re-
sults if desired, so that they are true optimums. Such meth-
ods may soon be available. Reference 4 offers a good deal of
hope along these lines.

What is not so obvious perhaps is that a theoretically opti-
mum struectural design may not bear much resemblance to the
final article when it is actually built. In the case of the boron
stabilizer, even if only minor changes were needed for flutter
requirements, the manufacturing, fabrication and joining
requirements similar to those mentioned might still dictate
substantial changes. In spite of such essential compromises,
the automated optimum design procedures currently on the
horizon will be a big help to the designer.

Appendix A: Calculation of Stress Resultants in
a Panel Corner

The nodal stress method requires that the results of a dis-
placement type analysis first be converted into foree method
form, where the structure is idealized as an agsemblage of bars
and shear panels. Figure 5 shows such an idealization where

90° LAYERS

e,

ot " TITANIUM]
SPLICE PLATE

Fig. 4 Regions of constant numbers of fibers after 5
resizings—revised design.



SEPTEMBER 1971

one set of bar end loads, P, in the sparwise direction and P,
in the ribwise direction, is obtained by summing the corner
forces of the elements framing into the node. The shear
flows, ¢, in the sparwise direction, and ¢,. in the ribwise di-
rection, are the differences in the panel corner forces divided
by the lengths of the appropriate sides.

To determine the stress resultants at the corner of panel 1
(Fig. 5), it is necessary to distribute P, and P, between the
bars and panels. A reasonable way of doing thisis to require
the panels to carry a fraction of the nodal force depending
upon: 1) the relative amounts of direct stress carrying area
in the bars and panels measured normal to the spar or rib
axis; 2) the relative elastic moduli (stiffnesses) of the bars
and panels in the sparwise and ribwise directions. The
stress-strain law for an orthotropic element relative to its
property axes is:

a11 Au A 12 0 €11
gur = An A 22 0 €22 (A 1 )
g1 0 0 ) A33 €12

where o1, o, o are the longitudinal, transverse, and shear
stresses; e, e, €2 are the longitudinal, transverse, and shear
strains; A (4,7 = 1, 2, 3) are functions peculiar to the par-
ticular orthotropic material in question. This stress-strain
relationship is also used to develop the stiffness matrix for a
boron composite membrane element in the redundant analysis.

Let A,;* represent an element of the elastic property matrix
transformed to the local axes of the panel. For the case shown
in Fig. 5, side 1-j of panel 1 (sparwise direction) corresponds to
the longitudinal axis. The following expressions are used to
determine the sparwise and ribwise stress resultants, N; and

N..
P tla (A 4 Gl (An™), ]
= S . A2
N lo + 1 |:t1ls1(A11*)1 + tolo(An®)e + QF, (A2)

P. bl (A2™) + el (A2™)s ]
L= A3
N l’l‘l + lra [tllr1(A22*)l + t3l7‘3(A22*)3 + @TE’I‘ ( )

where £; = thickness of panel i; L, [,; = half-length of panel
1 measured normal to spar or rib axis (Fig. 5); a;, @ = area
of bar representing stringer, spar or rib cap; K, E, = modulus
of elasticity of bar in spar or rib direction. The use of A4,;*
terms in these expressions involves the assumption that the
panel is restrained in the transverse direction when considering
extensional stiffness in the longitudinal direction. So, for
example, for a titanium panel, A); = Ay = Ap* = An* =
E/1 — »? a greater effective modulus than for a titanium bar.
Also in the absence of spar or rib eap material, it can be seen
that the bracketed previous terms reduce to unity. With or
without spar cap material, the method yields a single value for
the stress resultant N, acting in the covers on both sides of the
equivalent spar. A similar statement holds for ¥,. Thus, an
expedient method is now included for handling the situation of
dissimilar materials along a shear splice. In this respect, the
nodal stress method details reviewed here are more general
than those given previously.?
Finally, the shear stress resultant N, is obtained by

Nrs = Qss OF Qrr (A4)

whichever is larger. Once these stress resultants are de-
termined, transformation to a local orthogonal system fol-
lowed by a transformation to the property axes system is
necessary before resizing of the corner can take place.

Appendix B: Preliminary Design Allowable
Strength and Stiffness

The failure criterion that is used herein for multidirectional
boron composite laminates is a modified form of the Hill-
von Mises distortional energy criterion. It describes a failure
envelope for a 0°, 90°, 3=45° laminate subjected to a biaxial
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Fig. 5 Stress resultants at a typical spar-rib intersection.

state of stress and is written

F, = (Nz/Fz)2+ (Ny/Fy)2'—NxN1//Fsz+

(N2y/Fai)* <1 (AD)
Fy= (No/F:)* <1 (A6)
Fy= (N,/F)* <1 (A7)

where N, N, and N,, are the longitudinal, transverse and
shear stress resultants applied to the laminate (Ib/in.) and
F., Fy, and F,, are the uniaxially loaded allowable longi-
tudinal, transverse and shear strengths of the laminate
(Ib/in.).

Preliminary design expressions for F,, F,, and F., have been
used for this paper” and it should be kept in mind that these
expressions are currently being modified to correlate with more
recent test data. The laminate allowables are functions of
I, m, and n, the numbers of layers in the 0°, 90° and +45°
directions, respectively, and the unidirectional properties of a
layer. They are

Il

- n_ (/4 ,
I’z*Flcut[l+4 m+(n/4)]+th20u fOI‘N2<0
(A8a)
_ n_ (/4
F. = BFy.t [l -+ 1wy (n/4)] for N, > 0 (A8b)
_ n (n/4)* ,
y_Flcutl:m+4 l+</4)]+ZtE2cu fOI'Ny<O
(A92)
- _ e
y—BFltut[m+ (n/4) l+(n/4)] fOI‘NgZO
(A9b)
Fopy = ntF. N + {4+ m)tF.,’ (A10)

where F., ¥, the allowable strength in shear of the +45° layers
(psi), is

Fltu
2[1 + (Fltu/Flcu) -+ (Fltu/Flcu)2]1/2

In addition Ficw, Fr.o = layer longitudinal tensile and com-
pressive strengths (psi); Fa.’ = transverse compressive stress
per layer at longitudinal failing strain (psi); F.,” = shear
stress in a 0° (or 90°) layer at failing shear strain of the £45°
layers; B = the matrix effectiveness in transferring load from
broken to unbroken filaments; ¢ = 0.0051 in. (thickness of a
layer).

Optimization of a boron composite laminate consists of
finding, for a given set of loading conditions, the minimum
value of the sum of [, m, and n which satisfies the Hill-von

FoN = (A1)
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Fig. 6 Typically loaded laminate.

Mises failure criterion. Appendix C is a description of a tech-
nique for accomplishing this.

The laminate stiffness characteristics are based upon the
standard approach reviewed in Ref. 7. The assumption is
made herein that, of the layer properties, only the longitudinal
modulus Ej and the shear modulus G need be taken different
from zero. The resulting coefficients entering the defining
Eq. (Al) are

Au = [+ n/9)/C+ m + n)]Bu + [0/ + m + 7)]Gr

Ay = [0/49)/T+m + n)]En —
[n/I 4+ m 4+ n)lG. (AL2)
[(m + n/4)/0 +m + n) 1By + [n/T+ m 4+ n)]Gwn

= [/9/C+m + n)]En+ [0+ m)/( + m + n)]Gr

Ao
4

il

1)

Appendix C: Optimization of Boron
Composite Laminates

A typical state of stress in a boron composite element is
shown in Fig. 6 where the applied stress resultants are oriented
at an angle o to the 0° property axis of the laminate. In
Fig. 6, No, N, Nag are applied longitudinal, transverse and
shear stress resultants. N., N,, N,, are the stress resultants
after rotation into the property axes of the element.

Optimization of the laminate may be thought of as the
mathematical minimization problem. Find the minimum of
(I, m, n) with the inequality constraints F; < 1, F» < 1,F, <1
(from Appendix B), F; < 1. Optimization of the laminate
begins by choosing an initial layup (I,m,n) to carry the loads.
This initial layup is chosen by selecting the maximum absolute
values of N, N, and N,, from among all the loading condi-
tions. The initial number of n layers is then determined by
assuming the n layers carry all the N, stress. This results in
Eq. (A10) being reduced to N., = ntF.,~ which can be solved
for n directly. This value of n is then rounded down to the
first smaller even integer. Using this value of n, Eqgs. (A8)
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and (A9) can be substituted into Eqs. (A6) and (A7) resulting
in two simultaneous equations that may be solved for I and
m. These values of I and m are rounded down to the next
lower integers. This starting layup may be unconservative
because of the rounding down and/or because of the neglect of
the interaction of N, N,, and N., in Eq. (A5).

If this starting layup does not result in a point satisfying the
constraint equations the incremental change of [, m, or n that
will result in the greatest decrease in the function F per unit
increase in the laminate thickness is determined. This is
done by computing the value of the function F at (I + 2, m,
n), I, m + 2, n), , m, n + 2). The change that gives
the smallest value of F' is then selected as a new layup. This
is repeated until a combination of I, m, and n that gives a
value of the function F less than one is determined. At this
point the valuesof Fat F { — 1, m, n) and F(I, m — 1, n) are
checked to see if one layer in the I or m direction may be sub-
tracted from the laminate. Because of the way the initial
starting size is chosen this procedure almost invariably results
in a minimum weight laminate.

To investigate the possibility that the local minimum was
not the global minimum a plot of the constraint surface in
1, m, n space was examined for several different loading condi-
tions. In each case, the constraint surface had only one mini-
mum. |
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